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Chapter 1

Metric Spaces

1.1 Metrics and Norms

Definition 1.1. [Metric]
Let X # (0. A function p: X x X — R is called metric on X if

1. p>0and p(x,y) =0 if and only if x = y (non-negativity),
2. p(z,y) = p(y,z) for all z,y € X (symmetry) and
3. plx,y) < p(x,2) + p(z,y) for all z,y,z € X (triangular inequality).

The pair (X, p) is called metric space. When the metric is understood from context, we refer to metric
spaces only using the set X.

Example 1.2. 1. Let X =R and d(z,y) = |z — y|. This metric is called the usual metric on R.

2. Let X = R"™. The functions
n
di(z,y)=> |wi—yi|  Vr,y R
i=1

and

doo(:l"ay) = iEHaX |:Bl - yl’ Va:,y cR"”

=1,...,n
define metrics on R™.

3. Let X be an arbitrary non empty set. Then

1
T P

is a (trivial) metric on X. This metric is called the discrete metric on X.

Proposition 1.3. For any (X, p) metric space we have

lp(z,2) — p(z,9)| < p(w,y)  Vo,y,2€ X.
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Proof. We use the triangular inequality two times. In particular

p(x,2) < p(z,y) + p(y, 2) = p(z,2) — p(y, 2) < p(z,y)

and

Then, by symmetry we get the result. O

Definition 1.4. [Relative metric]
Let (X, p) be a metric space and () # A C X. The restriction of p on A x A, i.e.

pa: Ax A= R:(z,y) = palz,y) = p(z,y),
is called the relative metric on A induced by p.

Remark 1.5. Every non-empty subset A of a metric space (X, p) constitutes a metric space endowed
with the relative metric p4.

Definition 1.6. [Norml]
Let X be a real vector space. A function ||-|| : X — R is called norm on X if

1. ||lz|| > 0 for all x € X and ||z|| = 0 if and only if z = Ox (non-negativity),
2. [[Az|| = |Al||z|| for all X € R and all x € X (positive homogeneity) and
3. |z +yll < ||z|| + ||y|| for all z,y,z € X (triangular inequality).

The pair (X, ||-]|) is called normed space.

Example 1.7. 1. Let X = R. The absolute value |-| is a norm on R.

2. Let X = R". The functions
n
lzlly = |a;| Vo eR™
Jj=1

and

el = max ju| Vo eR”
g

Ty
are norms on on R™.

Proposition 1.8. [Metrics induced by norms]
Let (X,]|)]|) be a normed space. Then

dz,y) = |z -yl Ve,yeX

1s @ metric on X. Moreover, d is translation invariant and positive homogeneous.
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Proof. Let z,y,z € X and X\ € R. We have d(z,y) = ||z — y|| > 0. Furthermore

0=d(w,y) < 0=llo—y| <= 2-y=0 < z=y,
hence d is non-negative. For symmetry, notice that

d(z,y) = |z —yll = -1y — [l = d(y, z).
Triangular inequality of d follows from the corresponding property of ||-||. Specifically
dz,y) = llz—yll = llz =2+ 2z —yll <l — 2] + ||z = yll = d(z, 2) + d(2,y).
We also show the additional properties of d. Note that
dxz+zy+2)=le+z-—y—zl=lr-yl|=dzy),
i.e. d is translation invariant. Lastly,
d(Az, Ay) = [Az =) = [Al |z — yll = [A d(z,y),

which proves positive homogeneity. O

Remark 1.9. The definition of normed spaces requires that the underlying set of the space has a
linear structure. Note that we need this structure for both property 2 and 3 of the norm. This linear
structure leads to the extra properties of the metrics that are induced by norms.

Proposition 1.10. [Hélder inequality]
Let p,q € (1,00) such that zl? + % = 1. Then, for all x,y € R™ we have

Z |lziyi| < <Z |$i|p> <Z |y¢|q> :
i=1 i=1 i=1

Proof. If x; = 0 for all ¢ = 1,...,n, then inequality of the proposition holds with equality. Similarly
for the case that y; = 0 for all i = 1,...,n. Now, suppose that the above two cases do not hold. Then
o |zl and 377 |yi|? are positive. Define

and
_ il
(25 sl
Fixi=1,...,n. If a;b; = 0, then clearly
1 1
a;b; < faf + fb?.
p q
Suppose that a;, b; > 0. Since log is a concave function, we have

1 1 1 1
log (af + b?) > —logal + = logb! = log(a;b;)
p q p q
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and by monotonicity of log, we conclude

1 1
a;b; < ];af + *bg

q
Therefore
n n n
1 1 1 1
Doaibi<=> al 4= bM=-4 - =1,
i=1 L 153 P4
which is equivalent to the inequality that is to be shown. ]

Remark 1.11. In the context of of proposition (1.10), we refer to pairs p, ¢ such that % + % =1 as
conjugate exponents.

Corollary 1.12. [Cauchy-Schwarz inequality]
For all x,y € R™ we have

-

n n % n 2
S ] < (z w) (zryz-w) |
i=1 =1

=1

Proposition 1.13. [Minkowski inequality]
Let p € (1,00). Then, for all x,y € R™ we have

n v n v [ v
(Z |z; + yi|p) < <Z !$i|p) + (Z yip> .
i=1 i=1 i=1

Proof. We prove the proposition by applying Holder’s inequality. If ", |z; + 3|’ = 0 then the

inequality holds. Suppose that the last sum is positive. Let ¢ = 2= and note that p, ¢ are conjugate

p—1
exponents. We have
n n
ol yil = e+ il i+ il
i=1 i=1

n n
e e L e e N R L P
=1 =1

1 1 1 1
n q n P n 7 n P
< (Z |zi + yi!q(p_1)> <Z !xi\p) + <Z |zi + yi\q(p_1)> (Z \yi\p>
i=1 i=1 i=1 i=1

~(Srmur) | () (L)
=1 i=1 i=1

Z|$i+yi’p = Z|$i+yi’p < Z|$i|p + Z|yi|p )
P i—1 i=1 i=1

as needed. O

Therefore
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Example 1.14. We can now give some more examples of norms and metrics.
1. Let X =R” and p > 1. We can define the norm

P

n
lll, = > ;| Ve € R™.
j=1

The norms of the family [|-||,, for p € [1, oc] are called p-norms. For p = 2 we get the Euclidean norm
on R". We denote the normed space (R",||-[|,) with £}.

2. Let X =R™ and p > 1. The function
1
n P
dp(z,y) = Z lz; — y;|P Va,y € R"
j=1
is a metric on R". For p = 2 we get the Euclidean metric on R™.

Definition 1.15. [Bounded spaces and sets]

(i) A metric space (X, p) is called bounded if there exists some M > 0 such that

sup p(z,y) < M.
z,yeX

We then say that X has diameter sup, ,cx p(z,y) and write

diam(X) = sup p(z,y).
z,yeX

(ii) We say that a subset ) # A C X is bounded if the metric space (4,p4) is bounded. We
conventionally agree that diam(()) = 0.

Example 1.16. 1. Let n € N and p € [1,00]. The metric space (R",d,) is not bounded.
2. The metric space (R, p) where p(z,y) = |arctan x — arctan y| is bounded. Moreover diam(R, p) = .

3. Any non-empty set endowed with the discrete metric is bounded.

1.2 Sequence spaces

Definition 1.17. [Sequences]|
Let (X, p) be a metric space. A function z: N — X is called sequence. To simplify notation, we write
xn = x(n). A sequence z is also written as (xy,)22, or (zp)n, or simply (x,,).

Definition 1.18. [Convergent sequences|
Let (X, p) be a metric space and (xy,), a sequence in X. We say that (z,), converges to z € X with
respect to the metric p if for every € > 0 there exists a ng = ng(e) € N such that if n > ng then

p(zn,x) < e. We then write z,, Lz, or z, — .

Proposition 1.19. Let (z,), be a sequence in (X, p). Then, x, — x if and only if (p(xn,x))n is a
null sequence in (R, dy), that is, if and only if p(xy, x) 4, 0.
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Proof. Observe that for all £ > 0 we have p(x,,x) < ¢ if and only if |p(xy,z) — 0] < . We then apply
the definition of convergence. O

Proposition 1.20. [Limits are unique/
Let (z,)n be a sequence in (X, p). If (xn)n s convergent, then its limit is unique.

Proof. Suppose that (z,), has two limits, namely z,y € X. Let € > 0. Since x,, — z there exists
some ny € N such that p(x,z,) < % for all n > nq. Similarly, by x,, — ¥y there exists some ny € N
such that p(z,,y) < § for all n > ny. Let ng = max(ni,n2). Then for all n > ng we have

p(x,y) < p(w,2n) + p(Tn,y) <€
and since ¢ was arbitrary, we conclude that p(x,y) = 0. O

Definition 1.21. [Basic sequences]
Let (X, p) be a metric space. We say that a sequence {z,}, C X is basic or Cauchy if for every £ > 0
there exists a ng = ng(e) € N such that if m,n > ng then p(x,, z,) < € holds.

Proposition 1.22. [Convergent sequences are basic]
Let (X, p) be a metric space. If {xn}n, C X is convergent then it is basic.

Proof. Suppose that x, — = and let € > 0. Choose ng € N such that if n > ng then p(z,,z) < 5.
Then for all n, m > ng we have

P(Tn, Tm) < p(Tn, x) + p(T,Tm) < €.
O]

Definition 1.23. [Bounded sequences]
Let (X, p) be a metric space. We say that a sequence {zy}, C X is bounded if there exists a M > 0
such that p(zp,x,) < M for all m,n € N.

Proposition 1.24. [Basic sequences are bounded]
Let (X, p) be a metric space. If {xn}n, C X is basic then it is bounded.

Proof. Suppose that (zy,) is a basic. There exists a ng € N such that for all n > ny we have p(zy, Tn,) <
1. Let

M = max {p(z1,Zng)s - P(Tng—1,Tng), 1} -

Let n,m € N. Then by the triangular inequality we have

P(Zns Trm) < p(xn,xno) + p(xno,zcm) <2M.

Corollary 1.25. [Convergent sequences are bounded]
Let (X, p) be a metric space. If {xn}n C X is convergent then it is bounded.

Example 1.26. We consider examples of sequences in R.

1. The sequence (%)n converges to zero with respect to the usual metric in R. Hence it is basic and
also bounded. For instance ‘% — %‘ < 1 for all n,m € N.
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2. The sequence (log 2), is basic with respect to the metric p(z,y) = |e” — e¥|. However it is not
convergent. Suppose that log% — x. Then
1
=pllog—,z ] —0.
n
1

The last limit implies that % LN AN 0, which is a contradiction.

L
n

3. The sequence ((—1)"), is bounded by 2 with respect to the usual metric, but it is not basic.

Definition 1.27. [Supremum and infimum]
Let A be a non-empty subset of R. An element s € R is called least upper bound or supremum of A if

1. it is an upper bound of A, i.e. for all a € A we have a < s, and
2. if b € R is an upper bound of A, then b > s.

We write s = sup A or s = sup,c 4 a. An element [ € R is called greatest lower bound or infimum of
Aif

1. it is a lower bound of A, i.e. for all a € A we have a > [, and
2. if b € R is a lower bound of A, then b <.
Similarly, we write [ = inf A = inf,c4 a.
Remark 1.28. For every non-empty A subset of R we have supA = —inf(—A).

Proposition 1.29. [z characterization of supremum]
Let ) # A C R and s be an upper bound of A. Then s is the supremum of A if and only if for all
€ > 0 there exists a € A such that a > s — .

Proof. = : Suppose that for some € > 0 we have a < s —¢ for all a € A. Then s — ¢ is an upper
bound of A and s — e < s, hence s is not the supremum of A.

<= : Suppose that s in an upper bound of A but not the supremum. Then there exists an upper
bound s’ € R such that s’ < s. Let € > 0 such that s’ < s —e. Then for all @ € A we have a < s’ and
hence a < s —e¢. O

Corollary 1.30. [z characterization of infimum]
Let ) # A C R and l be a lower bound of A. Then [ is the infimum of A if and only if for all e > 0
there exists a € A such that a <+ ¢.

Proposition 1.31. [Bolzano- Weierstrass theorem|
Let (x)n be a bounded sequence in RF for k > 1. Then there exists a converging subsequence.

Proof. We first show the proposition for £ = 1. Define the set of indices of peaks of the sequence,
namely

A={neN: z, >z, Vm>n}.

If A is empty, then (z,), has an increasing subsequence. If A is finite, let NV be its maximal element.
Then the subsequence (x,,),>n has no peaks and hence we can choose an increasing subsequence. If A
is infinite we can pick an increasing (n;); in A so that the subsequence (x,,); is decreasing. Therefore,
in any case we can find a monotone subsequence of (z,)s,.
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Let (xy,)r be a monotone subsequence. We will show that if (z, ) is increasing and bounded,
then it converges. Similar arguments are applicable for the decreasing case. The set {xy, }; is non
empty and bounded. Hence its supremum, say s, exists. Let € > 0. Then there exists some Ty, such
that s > Tpy, > 8 —€. Since (xy,, )k is increasing, if k > ko we also have s > z,,, > s —e. Thus, for all
k > ko we have |z,, — s| < ¢, as needed.

Now suppose that k& > 1. Since (z,,), is bounded, there exists some M > 0 such that

2

k
()] < | Y lzn()P] <M VneN
j=1

Hence (z,(1)), is bounded and so there exists a M; C N such that (z,(1))nenr is a convergent
neM;

subsequence. Say that x,(1) —— z(1). We repeat the argument for (z,(2)), and find My C M,
such that z,(2) LELEN x(2). Observe that by construction we also have x,(1) LELEN z(1). Using
induction, we find My C N such that x,,() nEME, x(i) for alli =1,..., k. We claim that z,, — . Let
e > 0. For each i = 1,...,k pick n; such that |z, (i) — z(i)| < 2\5/%. Set ng = max{ni,...,nt}. Then
for all n > ng we have
k % 52 %

Sl -G | < (k5) <e wmen

j=1
as needed. O

Definition 1.32. [/, spaces]
Let p € [1, 00| and denote

{x:N—>R : Z]xi]p<oo} if p< oo

X = i=1

{x:N%R : sup|xi|<oo} if p = oo.
€N

For p € [1,00) we refer to elements of X as p-sumable sequences. For each x € X the function

SN
(Z ]a:i]p> if p<oo
Hpr = i=1

sup | z;| if p = oo.
1€EN

is a norm on X. We denote the normed spaces (X, [-[|,,) by £p.

Definition 1.33. [Subsequential limits]
Let (z,,), be a sequence in R. We say that s € X is the greatest subsequential limit of (zy,), if

s = lim sup z,,.
n—o0 m>n

In such a case we write limsup,,_,.. z, = s. We say that [ € X is the least subsequential limit of (z,,)y,
if

[ = lim inf z,,.
n—oom>n

and write lim inf,, oo T, = [.
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Proposition 1.34. Let (x,), be a sequence in R. If s = limsup x,, then there exists a subsequence of
(n)n that converges to s.

Proof. Define y,, = sup,,,>, m for all n € N. Note that if n > m, then {zy}r>m 2 {@k}r>n, hence
Ym = Yn, that is (yr)k is decreasing. We have y, — s. Hence there is some n; € N such that
0 < yn, — s < 1. Similarly, there exists some n; < ng € N such that 0 < y,, — s < % Recursively, we
construct a subsequence (yy, )i such that 0 < y,, —s < % for all k£ € N. By the ¢ characterization of
supremum, there exists some ng, > n1 such that

Yn, = SUD Ty > Ty, > sup Ty —1=1yp, — 1.
m>ny m>niy

Furthermore, there exists some ng, > max{ng,,n2} such that y,, > Ty, > Yng — % Recursively, we
construct a subsequence (7, )m such that y,,, > zn, > yn,, — % for all m € N. Thus

1 1
m m

for all m € N. Therefore x,,, —— s. O

Corollary 1.35. Let (xy)n be a sequence in R. If I = liminf z,, then there exists a subsequence of
(Tn)n that converges to l.

1.3 Function spaces

Definition 1.36. [Boundedness|

Let f: (X, p) = (Y,d) be function between two metric spaces. We say that f is bounded on X if the
metric space (f(X), pr(x)) is bounded. Equivalently, f is bounded if there exists some M > 0 such
that for all z1,x2 € X we have d(f(z1), f(z2)) < M.

Definition 1.37. [Continuity]

Let f: (X,p) — (Y,d) be function between two metric spaces. We say that f is continuous at
xo € X, if for all € > 0 there exists some § > 0 such that for all z € X with p(z,z9) < 6 we have
d(f(x), f(xo)) < e. We say that f is continuous on X if it is continuous at every x € X.

Remark 1.38. The above definition implies that a function f: (X, p) — (Y, d) is continuous, if for all
xo € X and for all € > 0 there exists some 6 = §(zg,e) > 0 such that for all x; € X with p(z1,z9) < d
we have d(f(z1), f(z0)) < e.

Example 1.39. We consider real functions of a real variable with the usual metric on R.
1. The function f: R\{0} = R: f(z) = 1 is continuous but not bounded.

2. The function f(z) = 1g.,(7) is not continuous but bounded.

3. The function f(x) = sinz is continuous and bounded.

4. The function f(x) = 1g_,(z)e” is neither continuous, nor bounded.

Proposition 1.40. [Sequential continuity/
Let f: (X, p) — (Y,d) be function between two metric spaces. The function f is continuous at xg € X

if and only if it is sequentially continuous at xq, that is for all {xy}, C X such that x, 2y 20 we have

F(xn) S f(xo).
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Proof. = : Suppose that f is continuous at zy and let € > 0, to show that d(f(zy,), f(z0)) < €
finally holds. By continuity, there exists some 0 > 0 such that for all z € X with p(x,zg) < § we have
d(f(x), f(xo)) < e. Since z, — x, there exists some ng such that for all n > ng we have p(x,, z¢) < 6.
Then for all n > ng we get d(f(xy), f(x0)) < €, as needed.

<= : Assume that for any sequence (z, ), that converges in zo, we have f(x,) 4 f(zp), to show that
f is continuous. Suppose that this is not the case. Then there exists some € > 0 such that for all
d > 0 there exists some z € X with p(x,zg) < ¢ for which d(f(x), f(zo)) > €. In particular, for each
n € N, there exists some x, € X such that p(xn,20) < 1 and d(f(x,), f(z0)) > e. By construction

n
xn — o and thus d(f(x,), f(xg)) > € contradicts our original assumption. O

Definition 1.41. [Uniform Continuity]
Let f: (X, p) — (Y, d) be function between two metric spaces. We say that f is uniformly continuous,
if for all € > 0 there exists some 6 = §(g) > 0 such that for all xg,z1 € X with p(z1,x0) < § we have

d(f(z1), f(zo)) < e.

Remark 1.42. Comparing the definitions of continuity and uniform continuity reveals that every
uniformly continuous function is also continuous. The other direction is not true. Uniform continuity
is stricter than continuity. Observe that in the uniform continuity definition the choice of § does not
depend on xg. This means that the same ¢ works for all the points in the domain of X.

Example 1.43. Consider the function f(x) = e” with the usual metric on R. One can show that f
is continuous. Let zp € R and € > 0. Let 0 < £ < min{e, e™}. Choose

0 < min {log (1 + éefxo) ,— log (1 — ée*xo)} .
Then for all x € X such that |z — xg| < § we have
<z -3y <8 = e 0T < T < O,
From the right hand side, we get
e < e¥tTo < (1 + 56_%) e = ¥ —e" <¢
and from the left hand side
e® > e 0t > (1 — €_€_$0) e — ¥ — " > —¢.

Combining the above inequalities we conclude that |e* — ™| < ¢.

However, f is not uniformly continuous. Towards contradiction, suppose that f is uniformly
continuous. Then for ¢ = 1, there exists some § > 0 such that for all z,y € R with [z —y| < 0 we
have |e” — e¥| < 1. By monotonicity, we have

s
ez —1>0.
Since e¥ — oo for £ — oo there exists some zg € X such that
)

e™o (eE — 1) > 1.

Choose yg = z¢ + %. Clearly, |zo — yo| < ¢ and
)
1—e2

|0 — e¥0| = e > 1.

10
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Definition 1.44. [Lipschitz Continuity]
Let f: (X, p) — (Y, d) be a function between two metric spaces. We say that f is Lipschitz continuous
with modulus L > 0, if for all all z1,z9 € X we have

d(f(x1), f(w2)) < Lp(x1,2).

Proposition 1.45. If f: (X, p) — (Y,d) is Lipschitz continuous, then it is uniformly continuous (and
hence continuous).

Proof. Suppose that f is Lipschitz continuous with modulus L. Let ¢ > 0 and pick 6 < 7. Then for
all p(x1,z2) < 6 we get

d(f(z1), f(z2)) < Lp(x1,22) < €.
]

Example 1.46. We give some examples of basic function spaces. Let (X, p) and (Y, d) be two metric
spaces.

1. Denote
B(X,)Y)={f: X—=Y : fisbounded}.
If Y is a normed space, say with norm ||-||, then the function

[l = sup [[f(z)  VfeB(X,Y)
zeX

defines a norm on B(X,Y). The norm |||, is called supremum norm. The pair (B(X,Y),|/..)
becomes a normed space. When Y = R endowed with the usual metric we simply write B(X) instead
of B(X,R).

2. Denote
CX,Y)={f: X =Y : fiscontinuous}.

Suppose that Y is a normed space. As continuous functions can be unbounded, |||, may not be
defined for all function in C(X,Y). If we set

C(X,Y) = C(X,Y)NB(X,Y),

then |||, is well defined on Cp(X,Y’) and the pair (Cp(X,Y),||-||o,) also becomes a normed space.
Specifically Cp(X,Y) is a subspace of By(X,Y). Again, for Y = R endowed with the usual metric we
simply write C(X) and Cp(X).

3. Similarly, we define
UX,)Y)={f: X =Y : fis uniformly continuous}

and, for Y being a normed space, the the normed space Uy(X,Y") endowed with the supremum norm.

11
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1.4 Topology of metric spaces

Definition 1.47. [Open and closed balls]
Let (X, p) be a metric space. Let x € X and r > 0. We denote

Br(z) ={y € X: p(z,y) <r}
and call B,(z) the open ball with center x and radius r. We write

By(x) ={y € X: p(x,y) <7}
and say that B,(z) is the closed ball with center z and radius 7.

Definition 1.48. [Open and closed sets]

Let (X, p) be a metric space and A C X. We say that A is open (with respect to the metric p) if for
all x € A there exists some ¢ > 0 such that B.(x) C A. We say that A is closed if its complement,
that is X'\ A, is open.

Proposition 1.49. Let (X, p) be a metric space, x € X and r > 0. Then
(i) By(z) is open and
(ii) By (z) is closed.
Proof. (i) Let y € B,(z) and choose 0 < ¢ < r — p(z,y). Let z € B.(y). Then
p(z,z) < p(z,y) +p(y, 2) <.

Since z was arbitrary, we conclude B:(y) C B,(z).
(4i) Let y € X\By(x) and choose 0 < ¢ < p(x,y) — r. Let z € B-(y). Then

plx, 2) = |p(x,y) — ply, 2)| = p(z,y) = ply, 2) > 7.
Hence X\ B, (z) is open. O
Proposition 1.50. Let (X, p) be a metric space and {A;}icr a collection of open sets in X. Then
(i) UierA; is open and
(i) if I is finite, then N;crA; is open.

Proof. (i) Fix © € U;erA;. There exists some iy € I such that x € A;,. Since A4, is open, there exists
some ¢ > 0 such that B:(x) C A;,. Then, we also have

B.(x) C Ajy C UserA;.

(41) Fix some = € N;erA;. Let j € I. Since Aj is open, there exists some ¢; > 0 such that B, (x) C A;.
We repeat the argument for every j € I and find a collection (g;)er such that €; > 0 and B, (z) C A;.
Set ¢ = minjes ;. Note that € is well defined and positive because I is finite. Then, for every j € I
we have

from which we conclude that

12



1.4. TOPOLOGY OF METRIC SPACES

Corollary 1.51. Let (X, p) be a metric space and {A;}icr a collection of closed sets in X. Then
(i) NicrA; is closed and
(ii) if I is finite, then U;crA; is closed.

Proposition 1.52. [Sequential characterizations of closed and open sets]
Let (X, p) be a metric space and A C X. Then

(i) A is open if and only if for all x € A and for all sequences (zy,), in X with x, — = there exists
some ng € N such that if n > ng then x, € A and

(ii) A is closed if and only if for all sequences (), in A with x, — x we have © € A.

Proof. (i) = : Suppose that A is open and let x € A and some sequence (x,), that converges to
x. Since A is open, there exists some ¢ > 0 for which we have B.(z) C A. Since x,, — x, there exists
some ng € N such that if n > ng then p(z,,z) < . In other words, if n > ng, then x,, € B:(x) C A.
<= : Suppose that A is not open. Then we can find a point x € A such that for all n € N we
have Bi(z)\(X\A) # (. We recursively construct a sequence (), such that for all n € N we have
@, € B1 (x)\A. By construction z, — x.
) — . Let A be a closed subset of X. Suppose that there exists a sequence (x,), in A with
xn — x and x € X\A. The last set is open and so, there exists an € > 0 such that B.(z) C X\ A. Since
xn, — x we can find a ng € N such that for all n > ng we have x,, € B-(x). This is a contradiction.
<= : Suppose that A is not closed. Then X\ A is not open. Hence, by (i), there exists some x € X\ A
and a sequence (x,), in X that converges to x and for all n € N there exists an m > n such that
ZTm ¢ X\ A. Thus, we can choose a subsequence of (x,,, )m of (z,), such that z,, € A for all m € N.
Since (xy,), converges to x, also (zy,,)m converges to x. O

Definition 1.53. [Limit point of a set]
Let (X, p) be a metric space and A C X. We say that z € X is a limit point of A, if for every ¢ > 0,
we have B:(x) N A\{x} # 0. The set of all limit points of A is called derived set and is denoted by A’.

13



1.5. EXERCISES

1.5 Exercises

A Group

A.1. Let X be a non empty set and f: X — R be an injection. Show that p(z,y) = |f(x) — f(y)| is
a metric on X.

A.2. (a) Show that for all p € [1,00], the function

n
Yoz | pell,o0)

Jall, = { \ & Vo € R".

7777

defines a norm on R".
(b) Show that for all p € [1, 00|, the function
diey)=le—yl, VryeR"
defines a metric on R™.
A.3. Let X be a non empty set and : X x X — R the discrete metric.
(a) Show that (X,0) is a metric space.
(b) Show that a sequence in X is convergent if and only if is finally constant.

(c) Let p be the Euclidean metric on R. Show that all functions f: (X,d) — (R, p) are continuous.

A.4. Show that (R, p) where p(x,y) = |arctan x — arctan y| is a bounded metric space. In particular
it holds that diam(R, p) = 7.

A.5. Prove corollary (1.35).
A.6. Prove corollary (1.51).

A.7. Let (X,||"]|) be a normed space. Show that a non empty subset A of X is bounded if and only
if there exists M > 0 such that for all x € A we have ||z| < M.

B Group

B.1. Let (X, p) be a metric space. Show that a sequence (z,), in X converges to some point z € X
if and only if every subsequence converges to x.

B.2. Let f: (X, p) — (Y,d) be function between two metric spaces. Show that f is uniformly contin-
uous if and only if for all (x1),, (#2), in X such that p(z},22) — 0 we have d(f(z)), f(22)) — 0.

B.3. Let (X, p) be a metric space and (Y, ||-||) a normed space. Let f,g: X — Y and A € R. Show
that if f and g are

(a) bounded, then f + g and Af are bounded,
(b) continuous, then f + g and \f are continuous,

(¢) uniformly continuous, then f 4+ ¢g and Af are uniformly continuous.

B.4. Suppose that f: R — R is differentiable and that its derivative is bounded. Show that f is
Lipschitzt continuous.

14



1.5. EXERCISES

C Group

C.1. We consider the spaces ¢, with p € [1, o0].
(a) Show that if 1 < p < ¢ < oo, then ¢, C ¢,. Moreover, if p < ¢ then the inclusion is strict.
(b) Show that if z € ¢, for p < oo, then z is converging to zero.

(c) Find a sequence that converges to zero and does not belong in ¢, for all p € [1, 00).

)

(d) Find a sequence that belongs in (Up~1£p) \ 1.

15



Chapter 2

Completeness

2.1 Completeness

Definition 2.1. [Complete metric spaces]
A metric space (X, p) is called complete if every basic sequence converges with respect to p to some
point in X.

Remark 2.2. We take completeness of R with respect to the usual metric as known. See Dedekind
cuts for a construction.

Proposition 2.3. [Supremum/infimum characterization of Completeness]
Let X be a non-empty and bounded subset of R endowed with the usual metric. Then X is complete
if and only if it contains the least upper and greatest lower bounds of every ) # A C X.

Proof. = : Suppose that X is complete. Let A be a non empty subset of X and denote with s its
supremum. From the e characterization of supremum we can construct a sequence (ay), in A such
that a,, — s. As convergent, (ay,), is basic in R. Hence it is also basic in X and by completeness we
conclude that s € X. Similarly we show that the infimum of A belongs in X.

<= : Suppose that X contains the least upper and greatest lower bounds of its subsets. Let (zy),
be a basic sequence in X. As basic, (z,,), is bounded so we can pick a monotone subsequence (z, ).
Without loss of generality, suppose that (z,, )i is increasing. Analogous arguments can be made when
it is decreasing. Since (xy, ) is basic in X, it is also basic in R, so it converges. Let s be its limit.
Note that

|Zn — 8| < |@p — x”k| + ‘xnk — 5

implies that (x,), also converges to x. It remains to show that x belongs in X. Since (z,, ) is
increasing, we have

s = limx,, = supzy,.
k k
Let A = {xy, }; and note that A C X. Hence s = sup,{zy,, } € X. Since (z,), was an arbitrary basic
sequence, we conclude that X is complete. ]

Remark 2.4. [Supremum and maximum]

Note that for every bounded and complete X, we can apply the previous theorem using A = X. This
implies that sup X € X. Therefore, when X is bounded and complete, its maximum exists. We argue
similarly for the minimum.

16



2.1. COMPLETENESS

Remark 2.5. [Completeness is not a topological property]|

The metric space ((0,1),d;) is not complete. For example, the sequence (n%rl)n is basic, because it is
convergent in (R, d;), but it is not convergent in (0,1). On the other hand, the metric space ((0,1),d),
where

1

1 1 1
o) =lo =l + |3~ 2] 4]
r Yy

-2z 1-y|’

is complete. Both metrics induce the same topology.

Proposition 2.6. [(¥ completeness]
For every k > 1 and p € [1, 0], the space KI; is complete.

Proof. Fix k > 1 and p € [1,00). Let (xy,), be a basic sequence in Kf;'. Let € > 0. Since (xy,), is basic
there exists some ng € N such that for all m,n > ng we have

Z\xn — ()P < eP.

Thus, for each ¢ =1,...,k we get
|20 (1) — 2 ()7 < Z |20 () — zm(F) " < €,

which implies that the sequence (x,()), is basic. Since R is complete, (2,,(i))n converges to some

x(i) € R. Define z = (ar(]))J 1- We will show that ,, %, 4. Since (xn(1))y converges to x(1), there
exists some ni such that for all n > ny; we have

1
|z(1) —zp(1)] < ek 7.
We repeat the above argument for every ¢ = 2,...,k and find n; such that for all n > n; we have
1
|x(i) — xn(i)] < ek P.

Set n = max;—=i,.. kM- Then

1
Z]:c —x p< kspl %—6
TL k -

for all n > n.

Now, let p = 0o and € > (0. With argumentation similar to the one of the previous case we have

[2n()) = 2m(D)] < sup|2a(f) = 2m(G)] < &,
J: AR

for all i = 1,..., k. By completeness of R we find ((i))¥_, such that

|2n (i) — 2(i)] <e,

forall i =1,...,k. The result follows by taking the supremum in both sides of the last inequality. [
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2.1. COMPLETENESS

Proposition 2.7. [(, completeness]
For every p € [1,00], the space €, is complete.

Proof. Fix p € [1,00) and € > 0. Let (xy), be a basic sequence in £,. Then, for n, m large enough we
have

|20 — zm|, <e.
Hence, for any k£ € N we get
|20 (k) — 2m (k)] < (|2 — mep <g,

ie. (zn(k))yn is basic. Let z(k) be its limit. Since this holds for all k¥ € N, we can define x = (z(k))y.
We have to show that x € £, and that z,, — x.
Pick some N € N. By Minkoskwi inequality, we have

(é !w(k)!p> : (Z (k) — @n(k !”)i + (é !xn(k)\p>

For n large enough, as in the proof of proposition (2.6), we have

N % N %
(le(k)lp> <e+ (Z\xn(kﬂp) .
k=1 k=1

zll, <e+llznll,,

LA

Letting N — oo we conclude

so x is in £y,
Lastly, we show convergence. Pick again N € N. We have

(Z\w ) —an(k >;S<k§:1\xm(k)—xn ) (Z\xm ) — yp>;.

For m large enough the second term in the right hand side becomes arbitrarily small, i.e.

P N p
(E]w ~ anlk ) S(E]%Mﬂ—%wwj +3.
k=1

Taking the limit for N — oo gives

€
lz = zall, < llon = zmll, + 5
and since (x,,), is basic, the first term becomes arbitrarily small for n, m large enough. Thus

|z —aall, <= +c=¢
p 2

N ™

A similar strategy is used to prove the result for p = cc. O
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2.1. COMPLETENESS

Definition 2.8. [Convergence of functions]
Let (X, p) be a metric space, f,: X — R for all n € N be a sequence of functions and f: X — R. We
say that (f,), converges pointwise to f if for all z € X, the sequence (f,(z)), converges to f(x). In

such a case, we write 2, —— x. We say that (fn)n converges uniformly to f if doo(f, frn) — 0 and we
write x,, 5oz

Proposition 2.9. [Completeness of bounded function spaces]
Let (X, p) be a metric space. The metric space (B(X),ds) is complete.

Proof. Let (fn)n be a basic sequence in B(X). Fix x € X and let ¢ > 0. There exists ny € N such
that

(@) = fn(@)] < [0 = frmlloe <

so the sequence (f,,(z))y is basic in (R, d;). As basic, the sequence (f,,(z)), converges to some point
Y, in R. Define f(z) = y,. Since limits are unique, f: X — R is well defined. Observe that

[f(@)| = |f(2) = fu(z) + ful2)]
< |[f(@) = fa(@)| + [ fo(2)]
hence for n large enough we get |f(z)| < 1+ | fn|l, which implies that f € B(X). Lastly, we will

show that || f — full.o = 0 as n — oco. Fix x € X and let € > 0. There exists a ng € N such that if
n,m > ng, then

[f(@) = fa(@)] < |f(2) = fn(@)[ + | fin(z) — fu(2)]

Since x € X was arbitrary we get

sup [f(2) = ful@)| = |f = full o < = <&

zeX T2
L]

Proposition 2.10. [Complete subspaces]
Let (X, p) be a complete metric space and A C X. The metric space (A, pa) is complete if and only if
A is closed.

Proof. = : Suppose that (A, pa) is complete. Let (x,), be a sequence in A such that x,, — z. The
sequence (x,), is basic, as convergent, in (X, p). Hence it is also basic in (A, p4). Since (4, pa) is
complete, (z,), converges to a point y € A. By uniqueness of limits, we get = y. Therefore x € A
and A is closed.

<= : Suppose that A is closed. Let (z,,), be a basic sequence in (A, pa). Clearly, (x,), is basic in
(X, p) and since the latter space is complete, (z,,), converges to some point in z € X. Closedness of
A implies that x € A, and so (A, pa) is complete. O

Proposition 2.11. [Uniform limits of continuous functions are continuous/
Let fn: (X,p) = R for all n € N be a sequence of continuous functions and f: X — R. If (fo)n
converges uniformly to f, then f is continuous.
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2.2. CONTRACTION MAPPING THEOREM

Proof. Fix z € X and let (x,), in X such that x,, — x. Let € > 0. By the triangular inequality, we
have

[f(zr) = f0)] < [f (@) = fal@r)| + [falzr) = ful@)] + [ fo(z) = f(2)].

Since (fn)n converges uniformly to f, there exists a ng € N such that for all n > ngy, we have
|f(wx) — fal2r)] < § and |fu(z) — f(2)] < 5. For all n € N, f, is continuous, hence there exists a
ko = ko(n) € N, such that if k& > ko, then |f,(zx) — fu(z)] < §. In particular, for n > ng and for
k> ko(n), we get

f(zx) — fl2)] < 3% —e.

Since (xy,), was arbitrary, f is continuous. O
Corollary 2.12. Let (X, p) be a metric space. The metric space (Cp(X),d~) is complete.

Proof. By proposition (2.11), Cp(X) is a closed subset of B(X) and hence complete with respect to
doo- O

2.2 Contraction Mapping Theorem

Definition 2.13. [Contractions]
Let (X, p) be a metric space. A mapping 7: X — X is called a contraction if there exists a A € (0,1)
such that for all z,y € X

p(Tx, Ty) < Ap(,y).
Furthermore, we say that A is the modulus of the contraction 7'

Remark 2.14. [Contractions are continuous]
Every contraction is Lipschitz continuous and hence uniformly continuous and also continuous.

Proposition 2.15. Let (X,p) be a complete metric space and T: X — X be a contraction with
modulus A\. Then for every x € X andn € N

p (T”Hx, T"z) < A"p(Tz, ).

Proof. We fix x € X and use induction. For n = 1, the relation holds by contraction’s definition. Let
the relation hold for n = k. Then,

p (Tk+213,Tk+1$> =p (T(T]H'lx),T(Tkx)) < \p (TkHaz,Tk:c)

and the result follows from the induction hypothesis. O

Theorem 2.16. [Banach’s fized point theorem|
Let (X, p) be a complete metric space. If T: X — X is a contraction on X with modulus X\, then T
has a unique fized point xo € X. Moreover for every x € X we have T"x — xg as n — 0.
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2.2. CONTRACTION MAPPING THEOREM

Proof. Fix x € X. Firstly, we show that the sequence (T"z),, is basic. Fix ¢ > 0. Choose ng € N
large enough, so that for all n > ng

n

l—AM

Tx,z) <e

holds. Let m > n > ng. Using the triangular inequality and proposition (2.15), we get

p(T7z, T ) < > p(T7 2, Tx)

3

<.
Il
3

3
L

Mp(Tzx,x)

IA

.
Il

A
1

< AN'—p(T .

<A 1_)\[)( x,r) < e

I
>
_ 3

Since X is complete, (T™z), is convergent as basic. Let zg be its limit.
We will show that xg is a fixed point of T. Note that T  is continuous as a contraction. Thus, we
have

zo= lim 7"z = lim T (T"z) = T lim T"z = Tx.

n—oo n—o0 n—0o0

For uniqueness, suppose that =1 is a fixed point of 7. Then
0 < p(wo, z1) = p(Two, Tr1) < Ap(w0, 21),
which can only hold if g = x;, because A € (0,1). O

Theorem 2.17. [Blackwell’s theorem]
Let (X, p) be a metric space and T: B(X) — B(X). Suppose that T is increasing and there ezists
some X\ € (0,1) such that for all f € B(X) and a > 0 we have

T(f +a) <Tf+ Aa.

Then T s a contraction on X with modulus .

Proof. Let f,g € B(X). Fix z € X. We have
1f(@) —g9@)| < If — 9l
hence f(z) < g(x) + ||f — gllo and g(z) < f(x) +||f — 9|- From the first inequality we have
(T (@) < (T(g+ Ilf =9l (@) < (Tg) (@) + Mf = 9l »

hence (T'f)(z) — (Tg)(x) < A||f = gllo- Similarly, we get (T'g)(x) — (T'f)(z) < A||f = glls from the
second inequality. Combining the two results we conclude

[(TH) = (Tg) (@) <A f =gl -

Since z was arbitrary and (7'f)(x) — (T'g)(x) is bounded, we get the result. O
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2.3. EXERCISES

2.3 Exercises

A Group

A.1. Let (2,,), be a sequence in (R¥, dy), where k > 1. Show that (x,,), is basic if and only if (2,(5))n
is basic for all j =1,... k.

A.2. Let (X, p) be a complete metric space and T" a contraction on X. Let A be a closed subset of X
and B C A. Show that if T(A) C A, then the fixed point of T"is in A. Moreover, if T(A) C B, then
the fixed point of T is in B.

A.3. Let p1, p2 be two metrics on X. Suppose that there exist a,b > 0 such that for all z,y € X we
have

ap1(z,y) < pa(z,y) < bpr(z,y).
Show that a sequence (z,,)y is basic with respect to p; if and only if it is basic with respect to pa.

B Group

B.1. Let f,: X — R for all n € N be a sequence of functions and f: X — R. Show that if (f,)n
converges uniformly to f, then it converges pointwise.

B.2. Let (z,), be a sequence in the metric space (X, p). Show that (x,), is basic if and only if

lim sup p(zn,2m) =0.
n—oo mZn

B.3. Let (X, p) be a metric space and define
CH(X)={f: X - R: fisk times defferentiable with bounded derivatives}

and
k .
£, = EZ F9 @)

(a) Is |||l a norm on C}(X)?
(b) Show that [|-||, is a well defined norm in C}(X).
(c) Show that the normed space (C}(X),]-]|) is complete.

B.4. Let (X, p) be a metric space. Show that X is complete if and only if for all z € X and € > 0,
the closed ball B (x) is complete.

B.5. Show that the set
coo = {{zn}n CR: InVm>n x, =0},

endowed with |||, is not complete.
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2.3. EXERCISES

C Group

C.1. Let f: R — R be Lipschitz. Consider the differential equation

u'(t) = flu(t))  (t€(0,M))

}g% u(t) = c.

We will show that the equation above has a unique solution.

(a) Show that the operator

72 6(0.30) = &l0.M): ()0 = e+ [ fu(s)s

is well defined.
(b) Show that T is a contraction with respect to ||-|| .

(¢) Show that the fixed point of T is differentiable on (0, M) and conclude that it solves the given
differential equation.
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Chapter 3

Compactness

3.1 Compactness in metric spaces

Definition 3.1. [Open cover]

Let (X, p) be a metric space. Let {G;}icr, where I can be uncountable, be a collection of open sets in
X. We say that {G;}; is an open cover of A C X if A C U;c;G;. We say that {G;}; is a finite (open)
cover if I is finite. For any J C I such that {G;};cs covers A, we say that the collection {G;};cs is a
sub-cover of A.

Example 3.2. We consider (R, |-]).

1. The collection {(—n,n)},cy is an open cover of R. Note that there exists no finite sub-cover in
this case.

n
no finite sub-cover of (—2,2).

2. The collection {(—2 + %, 2 — l) }neN is an open cover of (—2,2). Also in this case, there exists

Definition 3.3. [Compactness]
Let (X, p) be a metric space. We say that K C X is compact if every open cover of K has a finite
sub-cover .

Proposition 3.4. Let (X, p) be a metric space and (z,)y, in X such that x, — x. Then {z,: n € N}U
{z} is compact.

Proof. Let {G;};cr be an open cover. Then there exists iy € I such that z € G;,. Since z,, — «z,
there exists a ng € N such that z,, € G;, for all n > ng. Moreover, since {G;}; is a cover, for each
n < ng, we can find i, € I such that z,, € G;,. By construction the collection {Gj, }Z(’:—Ol is a finite
sub-cover. ]

Proposition 3.5. [Compact sets are closed]
Let (X, p) be a metric space and K C X be compact. Then K is closed.

Proof. Let y € X\K. Define r(x) = p(g;’y) for all x € K. Then {BT(I)(x)}zeK

K. By compactness, there exist {z;};-; € K such that {Br(xi)(aci)}?zl is a finite sub-cover. Set r =

min;—y,._n{7(z;)}. We claim that B, (y) C X\K. Suppose not. Then there exists some x € B,(y) N K.
Since {Br(xi)(xi)}?zl is a finite sub-cover, there exists some ¢y such that x € Br(xio y(2iy). Hence

is an open cover of

p(,y) = p(y, ig) = p(wig, ) > 2r(wig) — r(wig) > 1,

which contradicts = € B, (y). O
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3.1. COMPACTNESS IN METRIC SPACES

Proposition 3.6. [Compact sets are bounded]
Let (X, p) be a metric space and K C X be compact. Then K is bounded.

Proof. Fix x € K and consider {By(z)},,cy. The latter is an open cover of K, hence there exist
{n1,...,nm} € N such that {B,,(z)}!", is a finite sub-cover. Set N = max;—1 . mn;. We have

K C Ungm(‘x> - BN(x)v
which completes the proof. O

Proposition 3.7. [Closed subsets of compact sets are compact]
Let (X, p) be a metric space, K C X be compact and F C K be closed. Then F is compact.

Proof. Let {G;}icr be an open cover of F'. Then the collection (U;e;G;) U (X\F) is an open cover of
K. By compactness, there exist a finite J C I such that (U;cyG;) U (X\F) is a finite sub-cover of K.
Therefore, {G} }ics is finite a sub-cover of F'. O

Definition 3.8. [Totally bounded sets]
Let (X, p) be a metric space. We say that A C X is totally bounded if for every £ > 0 there exist
{z1,...,2n} € X such that A C U ; B.(x;).

Proposition 3.9. [Total boundedness is stricter than boundedness/
Let (X, p) be a metric space. If A C X is totally bounded then it is bounded.

Proof. By total boundedness, there exist {x1,...,2,} € X such that A C U} ;By(z;). Define M =
max; j—1,..n P(zi, ;). Let z,y € A. Since {B1(x;)}; covers A, there exist 4,43 such that z € By(z;,)
and y € Bi(x;,). Thus

p(x,y) < P(Zﬂa%’l) + p($i1,$i2) + p(‘rizay)
<14 M+1.

Since z,y were arbitrary, we conclude that diam(X) < 2+ M. O

Remark 3.10. The reverse relation of proposition (3.9) does not hold. The metric space (R, J), where
J is the discrete metric, is bounded with diam(R) = 1. However, it is not totally bounded, since it
cannot be covered by a finite number of open balls with radius %

Proposition 3.11. [Sequential characterization of total boundedness]
Let (X, p) be a metric space. Then A C X is totally bounded if and only if every sequence (an)n in A
has a basic subsequence.

Proof. = : Let (an)n be a sequence in A. Since A is totally bounded, there exist {x1, ... ,a:}vl} €A
such that

AC Uzj‘vzllBl(le)‘

The collection of balls {Bl(x})}fvzll is finite so there exists at least one of them that contains infinitely
many elements of (ay,),. Without loss of generality, suppose that the last observation holds for By (x1).
Let n be the smallest index of the elements of (ay,),, contained in By(x1). Note that By (1) is totally
bounded as a subset of A. Hence there exist {27,...,23%,} € Bi(x}) such that

Bi(a}) € U2 By (3).
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3.1. COMPACTNESS IN METRIC SPACES

Without loss of generality assume that B 1 (22) contains infinitely many terms of (a,),. Let na be
the smallest index of the elements of (a,), contained in B 1 (22) that is greater than n;. Note that

an, € Bi(x?). Continuing in this manner, we construct a subsequence (ay, ) such that for all k > m
we have

an, € B1(z").

2

Let € > 0. Choose kg such that % < 5. Then for all k > ko

ap, € B%(azfo).

Hence if m, k > kg, then

3
P(ankvanm) < P(ankvxfo) + p(:vfo,anm) < 25 =&

<= : Suppose that A is not totally bounded. Then there exists some ¢ > 0 such that for all N; € N
and x1,... ,x}vl in A we have

A\ UM B.(z}) # 0.

Pick some element a; € A and define Ay = A\B:(a1). Observe that As is not totally bounded. If it
was, we could have find a finite collection of balls {B.(z;)}; that covers As. Then the collection of
{Be(x;)}Y, and B.(a1) would cover A. Pick as € A and define A3 = A9\ Bc(a2) = A\ U2 B:(a;).
Similar arguments show that Ag is not totally bounded and we can pick ag € As. Recursively, we
construct a sequence (ay), such that

ant1 ¢ Uiy Be(ai).-
Therefore p(an,an) > € for all n # m and (a,), does not have a basic subsequence. O

Definition 3.12. [Sequential compactness]
Let (X, p) be a metric space. We say that K C X is sequentially compact if for every (z,), in K,
there exists a subsequence (z,, ) that converges to some point in K.

Theorem 3.13. [Compactness characterizations in metric spaces]
Let (X, p) be a metric space. The following are equivalent:

(i) X is compact.

(ii) Every infinite A C X has at least one limit point (i.e. A" #10).
(i1i) X is sequentially compact.

(iv) X is complete and totally bounded.

Proof. (i) = (ii) : Suppose there exists some infinite A such that it has no accumulation point.
In other words, for all z € X there exists some £(x) > 0 such that B.(;)(x) N A\{z} = (). Note that
{B.() (m)}xex is an open cover of X. Thus, we can find z1,...,z, such that {Bs(xi)(xi)}?zl is a finite
sub-cover. This implies that

AC U?:l (A N BE(IZ)(:CZ)) :
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3.1. COMPACTNESS IN METRIC SPACES

We have chosen {Bs(xi)(wi)}?zl such that B,y (z;)NA\{z;} = (), hence we have AN B, (w:) C {z:}-
Taking the union over all 7, we then get

AC ULy (AN By () € Uiy {wil,

which contradicts that A is infinite. Hence A has at least one accumulation point.

(19) = (i) : Let (xn), be a sequence in X. We will find a converging subsequence of (zy,)s,.
Let A = {zp}nen. If A is finite, then (z,), is finally constant and thus convergent. Suppose that
A is infinite. By assumption, A has an accumulation point, say x. Then for all n € N, we have
Bi(x) N A\{z} # (. Choose an increasing sequence (k,), such that zy, € Bi(xz) N A\{z}. Clearly,

(1, )n is a subsequence of (z,,), and by construction

1
, <=
p(w, ) -

Therefore, z,, — x.

(1i1) == (iv) : For completeness, let (x,), be a basic sequence in X. Then, by sequential
compactness, (x,), has a converging subsequence. Since every basic sequence with a convergent
subsequence is convergent, (x,), is convergent. Since (zy,), was arbitrary, X is complete.

We prove total boundedness by its sequential characterization. Let (z,,), be a sequence in X. By
(141), there exists a convergent subsequence, say (z, )n, of (z5,)n. As convergent, (zy, ), is basic. Since
(xn)n was arbitrary, X is totally bounded.

(tv) = (i) : Assume that X is complete and totally bounded, but not compact. Then there
exists at least one open cover, say {G;};cs that does not have a finite subcover. Since X is totally
bounded, there exist {z1,...,z}, } € X such that

N
X C UizllB%(xil)'
We claim that there exists ig € {1,..., N1} such that for all n € N and i1, ...,4, € I we have
B, )\ Uiy Gy, #0.

Indeed, if this was not the case, then for every i € {1,..., N1} we could have chosen ji, ... ,j,ii el
such that

1 i
B%(mz) < UZ:lGj,i‘

Then {Gjlic} fork=1,...,n;and ¢ = 1,..., N7 would have been a finite sub-cover of K. Set 1 = a:zlo.
Since

there exist {z7,...,23,} € X such that

By (a1) C UY, Bi (a2).

1

2

Without loss of generality, assume that Bi(z1) N Bi(2?) # (. Otherwise we can just discard the
2 4

indices for which the intersection is zero. As in the previous step, we can find an iy € {1,..., Na} such
that for all n € N and 41,...,4, € I we have

B (a3)\ Uly Gy, # 0.

27



3.1. COMPACTNESS IN METRIC SPACES

Set z9 = 22 . Note that B% (z1) N B1(x2) # 0, so by picking some w in this intersection we get

; 1
20 1

1 1
P(I’l,l’g) = P(I’l,w) +p(w,x2) < 5 + - =

3
4 4
Continuing in this manner, we construct a sequence (zy,), that satisfies the following two conditions:

1. For all n € N, for all m € N and for all 71,...,%, € I we have
B (e)\ ULy Gy, 0
and

2. for all n € N we have
p(Tn1,2n) < ontl”

Condition 2 implies that (x, ), is basic. Indeed, let € > 0 and choose ny such that 2%0 < e. Then, for
every n,m > ng, we have

fasy

m—1

3

3 3
(T, 2n) < p(xjp1,x) < Z 5771 = on <

J

3
om0

<&,

n j=n

which proves that (x,), is basic. Then, completeness implies that (z,,), is convergent. Suppose that
xn — x € X. Since {G,}ier covers X, there exists some iy € I such that = € G;,. Since G}, is open,
there exists some 0 > 0 such that Bs(z) C G;,. Choose n € N, large enough, such that we have
p(Tp,7) < § and 5 < §. Forallw € B%(mn) we have

p(w,2) < plw,2) + plarn,2) < o 2 <8
i.e. w € Bs(x). Therefore,
BQ% (xr) € Bs(z) C Gy,
which contradicts condition 1. O

Proposition 3.14. [Heine-Borel theorem/
Let S be a non-empty subset of the metric space (R™,d2). Then S is compact if and only if it is closed
and bounded.

Proof. = : Compactness implies closedness (proposition (3.5)) and boundedness (proposition 3.6)).
<= : Let (z), be a sequence in S. Since S is bounded, (x, ), is bounded and it has a converging
subsequence (zp, )i. Say that x,, — x. Since S is closed, we have x € S. Hence S is sequentially
compact. O]
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3.2. EXERCISES

3.2 Exercises
A Group
A.1. Show that (X,0) is a compact metric space if and only if X is finite.

A.2. Let a,b € R such that a < b. Show that [a,b] is compact. Show that (a,b), (a,b], [a,b) and
[a, 00) are not compact.

A.3. Let (X,p) be a metric space and A, B C X. Show that if A, B are compact, then A U B is
compact. Does the reverse relation hold?

B Group

B.1. Let (X,p) be a metric space. Show that X is complete if and only if every infinite, totally
bounded subset of X has at least one accumulation point.

B.2. Let (X, p) be a compact metric space and f: X — R. Show that the following are equivalent.
(i) f is continuous.
(ii) The graph mapping Gy: X — X xR: Gy(z) = (z, f(x)) is continuous.
(iii) The graph G(f) = {(x, f(z)): = € X} is compact in X x R.
Is it necessary for X to be compact?

B.3. Let (X, p) be a metric space and Ay,..., A4, totally bounded subsets of X. Show that their
union is totally bounded.

C Group

C.1. Let S be the unit sphere in /. Show that S is not compact. Hint: Show that {B% (az)}

does not have a finite sub-cover.

Ieeoc
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Chapter 4

Optimization

4.1 Correspondences

Definition 4.1. [Correspondence]

Let X and Y be two non empty sets. A correspondence ¢ is a rule of association of elements of X
with subsets of Y. We symbolize correspondences as p: X — Y. If p(x) # 0 for all z € X, we
say that ¢ is non-empty valued. If p(z) is compact/convex/closed for all z € X, we say that ¢ is
compact /convex/closed valued.

Definition 4.2. [Set distance]
Let (X, p) be a metric space and A, B non empty subsets of X. Let
d= inf b).
aeg,lbeB pla,b)

We say that d is the distance of A from B and write p(A, B) = d. Let = be a point in X. We denote
p(A,x) = p(A,{z}) and say that p(A, x) is the distance of = from A.

Lemma 4.3. Let (X, p) be a metric space, F a closed subset of X and K a compact subset of X. If
KNF =0, then p(F,K) > 0.

Proof. Suppose that p(F, K) = 0. Then we can choose sequences (), in F" and (yy), in K such that
p(xn,yn) — 0. Since K is compact, there exists a convergent subsequence (yp, )r with y,, — y € K.
Hence, we also have x,, — y. Since F is closed, we get y € F. Therefore K N F # (). O

Definition 4.4. [Hemicontinuity]
Let ¢: (X, p) — (Y,d) be a correspondence between two metric spaces. We say that ¢ is

(i) lower hemicontinuous at x € X if for all y € Y and € > 0 such that B.(y) Np(x) # (0 there exists
d > 0 such that for all z € Bs(z) we have B.(y) N p(z) # 0 and

(ii) upper hemicontinuous at = € X if for all € > 0 there exists 6 > 0 such that for all z € Bs(x) we
have p(z) C {y € Y: d(p(2),y) < e}

As with functions, we say ¢ is upper/lower hemicontinuous on X, if it is upper/lower hemicontinuous
at every point of X.

Proposition 4.5. [Sequential lower hemicontinuity/

Let v: (X, p) — (Y,d) be a non empty valued correspondence between two metric spaces. Then ¢ is
lower hemicontinuous at x € X if and only if for every y € ¢(x) and every sequence () in X such
that x, — x, there exists a subsequence (zp, )k of (xn)n and elements y, € p(zp, ) such that yr — y.
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4.2. THEOREM OF THE MAXIMUM

Proof. = : Let y € p(x) and (), in X such that z, — z. Note that y € By(y) N ¢(x), so there
exists 41 > 0 such that for all z € By, (x) we have Bi(y) N¢(z) # 0. Since z,, — x, there exists
ny = n(d1) € N such that x,, € Bs, (z). Pick y1 € B1(y) Np(zn,). We also have y € B% (y) Np(zx), so
there exists d2 > 0 such that for all z € By, (x) we have B%(y) Ny(z) # (. There exists no = n(d2) € N
such that ny > n; and z,, € Bs,(z). Pick y2 € B 1 (y) N @(zp,). Recursively we find a subsequence
(2n,) and elements y;, € B% (y) Np(zp,). Hence y, € o(xy,) and yr, — y.

<= : Towards contradiction, suppose that ¢ is not lower hemicontinuous. Then there exist y €
X and € > 0 such that B.(y) N ¢(x) # 0 and for all § > 0 there is some z € Bgs(x) such that
B.(y) Np(z) = 0. Picking § =  we can recursively construct a sequence (z,,), such that z,, € B (z)
and B.(y) N ¢(z,) = 0. Since z, — =, there exist a subsequence (z, )r and yr € @(zy,,) such that
yr — y. Hence, we can find kg € N such that yg, € B:(y), which implies that yi, € B-(y) N go(mnko).
The last implication contradicts the construction of (zy,),, thus ¢ is lower hemicontinuous. O

Proposition 4.6. [Sequential upper hemicontinuity]

Let ¢: (X,p) — (Y,d) be a non empty, compact valued correspondence between two metric spaces.
Then ¢ is upper hemicontinuous at x € X if and only if for every every sequence (), such that
Ty, — = and for all (yn)n such that y, € @(zy) there exists a subsequence (yn, )r which converges at
some point y € p(x).

Proof. = : Let x, — = and y, € p(x,) for each n € N. Towards contradiction, suppose that no
subsequence of (y,), converges at a point in ¢(x). Let y € ¢(x). Then there exists some r(y) > 0
and n(y) € N such that y, ¢ B, (y) for all n > n(y). Note that the collection {B,.(,)(¥) }yey(x) is an
open cover of ¢(x). Since ¢ is compact valued, we can find y',...,y™ such that {B,:(y")}[2; is a
subcover. Define ng = max;—1 __m n(y*). Then for all n > ng we have y, ¢ U;’;lBr(yi)(yi) and thus
yn ¢ o(x). Let FF =Y\ U, Br(yi)(yi). Note that F is closed, ¢(x) compact and they are disjoint,
hence d(¢(x), F) > 0. Let 0 < € < d(¢(z), F') and note that d(¢(z),y,) > € because y,, € F. By upper
hemicontinuity, there exists some 6 > 0 such that if z € Bs(x) then ¢(z) C {y € Y: d(¢(x),y) < €}.
Since x,, — z, we can find n > ng such that z,, € Bs(z). But then y,, € p(z,) C{y € Y: d(p(x),y) <
e}, ie. d(e(x),yn) < e, which is a contradiction.

<= : We prove by contradiction. Suppose that ¢ is not upper hemicontinuous at x. Then there
exists ¢ > 0 such that for all n € N there is some z,, € Bi1 (z) and y,, € ¢(xy) such that d(¢(x), yn) > €.

Since x, — z, there exists a subsequence (yp, )r such that Yn, — Y € @(x). On the other hand, we
have

d(p(2),y) = limd(p(z), yn,) 2 €,

hence y ¢ o(z). O

Definition 4.7. [Continuity]
A correspondence ¢: (X, p) — (Y,d) is said to be continuous if it is both upper and lower hemicon-
tinuous.

4.2 Theorem of the maximum

Missing 4.8. For the amusement of the reader.

Proposition 4.9. [Extreme value theorem]
Let (X, p) be a compact metric space and f: X — R a continuous function. Then the mazximum and
minimum of f are attained in X.
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4.2. THEOREM OF THE MAXIMUM

Proof. We only prove the statement for the maximum here. Compactness of X and continuity of f
imply that f(X) is compact. Indeed, let (G;)ic; be an open cover of f(X). Then

X C f N UierGi) = Uier fHGY).

Since f is continuous, f~1(G;) is open for all i € I. To see this, fix ip € [ and z € f~1(G;,). Let
(xn)n be a sequence in X that converges to . Then, we have f(z,) — f(x) € G,,. Since G}, is open,
we have f(x,) € G;, finally. Equivalently, we have x,, € f~1(Gj,) finally, which proves that f~1(Gj,)
is open. Therefore, {f~!(G;)}icr is an open cover of X. Since X is compact, there exists some finite
J C I such that (f~1(G;))ies covers X. Hence

F(X) C f(Uiesf HG:)) = UiesG;

and so f(X) is compact. Compactness of f(X) implies that it is complete and totally bounded. As
totally bounded, f(X) is bounded so its supremum exists. By completeness, we have sup f(X) € f(X).
Hence there exists some xg € X such that f(z¢) = sup f(X). O

Theorem 4.10. [Theorem of the mazimum]
Let (X, p) and (Y,d) be two metric spaces. Let f: X XY — R be a continuous function and ¢: X —Y
a compact valued and continuous correspondence. Then, the function

v(z) = sup f(z,y)
yEp(w)

18 continuous and the correspondence of maxrimizers

9(@) ={y € p(z): v(z) = f(z,y)}
18 non empty, compact valued and upper hemicontinuous.

Proof. Fix x € X. Then ¢(z) is compact and by the extreme value theorem, the maximum of
y +— f(x,y) is attained in ¢(x). Hence v is well defined and g(x) is not empty. To show that g(x) is
compact, it suffices to show that it is closed, because g(x) C ¢(z). Let (y,)n be a sequence in g(x) such
that y, — y. Since ¢(x) is closed as compact, we have y € ¢(z). Moreover, we have v(x) = f(z, yn)
and by continuity of f we also get v(z) = f(x,y). By definition, y € g(z) and g(x) is closed.

We will show that ¢ is upper hemicontinuous at z. Let (x,), such that x,, — x and (y), such
that y, € g(z,). Since ¢ is upper hemicontinuous, as continuous, and compact valued there exists a
subsequence (yp, )i such that y,, — y and y € ¢(z). Let z € ¢(z). By lower hemicontinuity of ¢,
there exists a subsequence (xy, )i of (), and elements z;, € p(xy, ) such that z; — z. Observe that
Yn,, € g(xy, ) implies that

f(xnmynk) > f(xnkuznk) Vk € N.

Then continuity of f implies that f(z,y) > f(z,z). The last relation holds for arbitrary z € p(z),
hence y € g(x) and g is upper hemicontinuous at x.

Lastly, we show that v is continuous at z. Let (x,), be a sequence in X such that x,, — z. Let
(Yn)n such that y, € g(x,). Pick a subsequence (z,, )x such that

limsupv(zy) = lim v(zy,).
n— 00 k—o0
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4.2. THEOREM OF THE MAXIMUM

Since g is upper hemicontinuous at x, there exists a subsequence (ynkl)l such that Yni, =Y for some
y € g(z). Hence

limsupv(zy,) = lim v(zy,,) = Iim f(2,, ,yn,. ) = f(z,y) = v(x).
n—oo k—o0 l—00 l l

Repeating the argument for a subsequence (zy, ) such that

liminfo(z,) = lm v(x,,).

n—00 k—ro0
we also get
linn_lgéfv(:nn) = v(z).
Hence v(x,) — v(z) and since (x,), was arbitrary, v is continuous at x. O
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4.3. EXERCISES

4.3 Exercises

A Group

A.1. Let (X,p) be a compact metric space and f: X — R a continuous function. Show that the
minimum of f is attained in X.

A.2. Let ¢: (X, p) = (Y,d) be a compact valued and upper hemicontinuous correspondence between
metric spaces. Show that if X is compact, then

G(p) ={(z,y) € X xY: y € p(x)}

is compact.

B Group

B.1. Let ¢: (X,p) — (Y,d) be a correspondence between metric spaces. We say that ¢ is single
valued if ¢(z) is singleton. Suppose that ¢ is single valued and denote {y,} = ¢(x). Define

[+ X =Y f(z) =y,
Show that
(a) if ¢ is upper hemicontinuous, then f is continuous and
(b) if ¢ is lower hemicontinuous, then f is continuous.
B.2. Let p,¢: (X, p) — (Y, d) be two correspondences between metric spaces. Define
pUY: X =Y (pUy)(x) = p(x) Uth(z).
Show that
(a) if o, are compact valued and upper hemicontinuous, then so is ¢ U1 and
(b) if ¢, are lower hemicontinuous, then so is ¢ U ¢

B.3. Let f,¢g: (X,p) — R be two continuous functions such that g < f. Let

p: X = R: o(x) = [g(x), f(2)].
Show that ¢ is continuous.

B.4. Show that

b
d(f.g) = / (@) - g(x)|da

defines a metric on C([a, b]).
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